In this paper, we study the 3D axisymmetric Navier-Stokes Equations with swirl. We prove the global regularity of the 3D Navier-Stokes equations for a family of large anisotropic initial data. Moreover, we obtain a global bound of the solution in terms of its initial data in some L p norm. Our results also reveal some interesting dynamic growth behavior of the solution due to the interaction between the angular velocity and the angular vorticity fields.
papers [23, 24, 25] . They prove the global regularity of the 3D Navier-Stokes equations under the assumption that ∇u 0 2 L 2 (Ωǫ) ≤ C 0 ln 1 ǫ . This is an improvement over the classical global regularity result for small data, which requires ∇u 0 2 L 2 (Ωǫ) ≤ C * ǫ [23] . We may interpret our global regularity result with initial data (2) as a result on a generalized thin domain. Note that the initial data given by (2) (here δ > 0 can be made arbitrarily small), which is much larger than the corresponding bound C 0 ln 1 ǫ required by the global regularity analysis of Raugel and Sell in [23, 24, 25] . This paper is motivated by the desire to understand how the local anisotropic structure of the solution near the region of a potential singularity may lead to the depletion of vortex stretching, thus preventing the formation of a finite time singularity. To fully characterize the local solution structure of a potential singularity would be an extremely difficult task. Such study would shed useful light into our understanding of the dynamic depletion of vortex stretching and the global regularity of the Navier-Stokes equations. There has been some encouraging progress along this direction recently. In particular, Necas, Ruzicka and Sverak [20] and Tsai [28] have ruled out the possibility of an isotropic self-similar blow-up of the 3D Navier-Stokes equations. More recently, Chen-Strain-Tsai-Yau [5] prove that for axisymmetric 3D Navier-Stokes equations, if the velocity field u satisfies a scaling invariant blow-up rate |u(x, t)| ≤ C * / r 2 + (T − t), where r = x 2 + y 2 , then such blow-up is not possible at t = T . This to some extent excludes the locally self-similar isotropic blow-up of the axisymmetric Navier-Stokes equations.
A related result with a stronger assumption can be found in [12] for the 3D Navier-Stokes equations.
There have been also some numerical evidences on the anisotropic scaling of the solution near the region of a potential blow-up of the 3D Euler and Navier-Stokes equations, see e.g. [14, 1, 21, 7, 22, 15, 10, 11] . In particular, the recent work of Kerr [15] and Hou-Li [10, 11] gives some detailed description of the anisotropic scaling of the vorticity field near the inner core region of the maximum vorticity for two slightly perturbed antiparallel vortex tubes. The motivation for considering the rescaled initial data (2) and (3) is to understand whether such locally anisotropic blow-up is possible for the Navier-Stokes equations.
We remark that Hou-Li have recently proved the global regularity of the 3D axisymmetric Navier-Stokes equations with some large anisotropic initial data [9] . The results obtained in this paper complement those presented in [9] . For more discussions on the axisymmetric solutions of the Navier-Stokes equations, we refer to [4] and [5] and the references cited there. The 2D Boussinesq equations are closely related to the 3D axisymmetric NavierStokes equations with swirl (away from the symmetry axis). Recently, Hou-Li [8] and Chae [3] have proved independently the global existence of the 2D viscous Boussinesq equations with viscosity entering only in the fluid equation, but the density equation remains inviscid.
The remaining part of the paper is organized as follows. We give the formulation of the problem in Section 2. In Section 3, we prove a useful property of Riesz operators in R 4 × T 1 , where T 1 is the one-dimensional torus with periodicity 1. This property is needed to prove our global regularity analysis of the axisymmetric Navier-Stokes equations with anisotropic initial data. Finally, we will present and prove the main result of this paper in Section 4.
Formulation
Consider the 3D axi-symmetric incompressible Navier-Stokes equations with swirl.
be three unit vectors along the radial, the angular, and the z directions respectively, r = x 2 + y 2 . We will decompose the velocity field as follows:
In the above expression, u θ is called the swirl component of the velocity field u. The vorticity field can be expressed similarly
where
One can derive evolution equations for u θ and ω θ as follows (see e.g. [19, 4] ).
where ψ θ is the angular component of the stream function, v r and v z can be expressed in terms of the angular stream function ψ θ as follows:
and ∇ 2 is defined as
Note that equations (7)- (9) completely determine the evolution of the 3D axisymmetric Navier-Stokes equations once the initial condition is given.
By the well-known Caffarelli-Kohn-Nirenberg theory [2] , the singularity set of any suitable weak solution of the 3D Navier-Stokes equations has one-dimensional Hausdorff measure zero. Thus, in the case of axisymmetric 3D Navier-Stokes equations with swirl, if there is any singularity, it must be along the symmetry axis, i.e. the z-axis. Therefore, we should focus our effort to understand the possible singular behavior of the 3D Navier-Stokes equations near the symmetry axis at r = 0.
As observed by Liu and Wang in [18] , any smooth solution of the 3D axisymmetric Navier-Stokes equations must satisfy the following compatibility condition at r = 0:
Thus we can rewrite u, ω and ψ as follows:
In [9] , Hou-Li have derived the following equivalent system for (u 1 , ω 1 , ψ 1 ):
(
where v r and v z are defined as
We note that the incompressibility condition implies that
which can be verified directly from (17).
A Useful Property of Riesz operators on
Before we present our global regularity analysis, we would like to state and prove two technical lemmas regarding the property of a Riesz operator on R 4 × T 1 , where T 1 is the one-dimensional torus with periodicity 1. We first recall the following weighted CalderonZygmund inequality for a singular integral operator with a weight function which is in the A p class (see Stein [26] pp. 194-217 for details). Let K be a Riesz operator in R n and w(x) be a weight in the A p class (see page 194 of [26] for definition). One can extend the Calderon-Zygmund inequality for the singular integral operator with the integral having weight function w(x). Specifically, for 1 < p < ∞, there exists a uniform constant C such that
In this section, we prove a similar property for a Riesz operator on
, be the solution of
with periodic boundary conditions along the z direction with period 1. We will prove the following lemma:
Then there exists a uniform positive constant C > 0 such that
provided that f and u are both L p integrable with the weight w(x) for 1 < p < ∞.
Proof of Lemma 1. Let λ > 0 and denote the one-dimensional torus with periodicity
It is easy to see that
We claim that there exists a uniform constants C 1 and C 2 independent of λ such that
To prove this, we introduce a smooth cutoff function φ(z) which satisfies 0 ≤ φ(z) ≤ 1, φ(z) = 0 for z ≤ −1 or z ≥ 2, and φ(z) = 1 for 0 ≤ z ≤ 1. For λ ∈ (0, 1], we define φ λ (z) = φ(λz). A simple computation gives
Since w(x) belongs to the A p class, the weighted Calderon-Zygmund inequality in R n (see (19) ) implies that
where we have used the following estimate (note that φ = φ(z), w(x) = w(r) and u(x) = u(r, z)):
In the last step of the above estimate, we have used the one-dimensional Sobolev inequality along the z-direction:
, for some positive constant C p depending on p. Thus, one has
for some uniform positive constant C > 0. For λ > 1, we denote N by the biggest integer less that λ and compute
Similarly, by using the weighted Calderon-Zygmund inequality in R 5 , we obtain
By (25) and (26), we prove the claim (23) . Note that
Thus, we deduce from (23) that
By letting λ → ∞ in (27), we prove the lemma. Now we prove the following Lemma, which plays an important role in our global regularity analysis:
Lemma 2. Assume that ω 1 and ψ 1 are in L p (R 2 × T 1 ) with 1 < p < ∞, and ψ 1 is the solution of (16) with periodic boundary condition along the z-direction with period 1. Then we have
Proof of Lemma 2. To prove (28), we observe that
is an axisymmetric Laplacian operator in five space dimensions, where r = x for x = (x 1 , x 2 , x 3 , x 4 , z) ∈ R 5 . Let n = 5. Since −∆ψ 1 = ω 1 , Lemma 1 implies that
provided that w(x) = 1 r 2 belongs to the A p class. We will show that w belongs to the A p class. In terms of the cylindrical coordinate, the above inequality (29) can be written as
which is exactly (28) . It remains to show that w(x) = 1 r 2 belongs to the A p class. In the following, we will prove that w(x) = 1 r α belongs to the A p class for 0 < α < 4 (see page 194 of [26] for definition). To see this, let B R be a ball centered at x = 0 with radius R. Denote by |B R | the volume of B R , and p ′ be the conjugate of p, i.e.
independent of R for 0 < α < 4. Similarly we can prove the same estimate for B R centered at any point. This completes the proof of Lemma 2.
The main result and its proof
Now we state our main result in this paper.
Theorem 1. Let 0 < δ < 1 be a given number which could be arbitrarily small. Assume that
where U 0 (r,z) = rU 1 (r,z), W 0 (r,z) = rW 1 (r,z), and 
Using the above scaling relationship and substituting f = u 
Note that the first term on the right hand side of (32) is equal to u ǫ 1 (0) L 2p (Ωǫ) and is smaller than the second term by a factor of O(ǫ δ/2 ). This implies that u θ ǫ L 2p may experience a rapid growth dynamically for ǫ small due to the contribution from the initial condition of ω θ ǫ . Similarly, the first term on the right hand side of (33) is equal to ω Note that
Similarly, we obtain
and
Therefore, we have
On the other hand, if we letp = 2q,q =p/(p − 1), we get
where we have used ψ 1z Lp(Ω) ≤ ψ 1zz Lp(Ω) which follows from the Poincare inequality along the z-direction, and the weighted Calderon-Zygmund estimate ψ 1zz Lp(Ω) ≤ C ω 1 Lp(Ω) , which we have proved in Lemma 2. In order to apply Lemma 2, we need to show that ψ 1 ∈ Lp(Ω). To see this, we use the fact that V r = − ∂ ∂z ψ θ ∈ L m for any m ≥ 2 and ψ θ is odd. Thus we can apply the Poincare inequality along z-direction to show that ψ θ ∈ L m (Ω), which implies that
for any s > 1 in the region r > 1. In the region where r is bounded and 0 < z < 2, the interior estimate of the general elliptic theory implies that ψ 1 ∈ Lp(Ω) whenever ω 1 ∈ Lp(Ω).
Using the Sobolev interpolation inequality,
with α = 1 − 3 4q
and q ≥ 1, we obtain 1 2p
By the assumption, the initial conditions for ψ 1 , u 1 , and ω 1 are odd functions in z. This oddness property of the solution is preserved dynamically. Thus we have f (r, 0, t) = g(r, 0, t) = 0. By using the Poincare inequality along the z-direction, we obtain
It follows from (38) and (37) that 1 2p
Next, we multiply |ω 1 | 2q−2 ω 1 to (15) and integrate over Ω. We have 1 2q
. Then we obtain by using the Hölder inequality that
, where we have used the relationship p = 2q. Therefore, we obtain 1 2q
where we have used the Poincare inequality (38) in the last inequality. Multiplying (39) by C q and adding the resulting equation to (40), we get
Using (31), we have
where U 1 (r,z) and W 1 (r,z) have bounded L 2p and L 2q norms independent of ǫ. We obtain
We would like to choose ǫ small enough to ensure that the right hand side of (41) is negative. To this end, we require that
If (45) holds, we would get
This implies that
This gives a global bound on u 1 L 2p (Ω) and ω 1 L 2q (Ω) in terms of their initial data. In particular, we have by using (43)-(44) that
Using (48), we conclude that the condition (45) is satisfied if we choose ǫ to satisfy
which is true by taking q > 1/δ and ǫ small enough. This condition would guarantee that the global estimate (47) is valid for all time. The global estimate (47) gives a global bound on u 1 L 2p (Ω) and ω 1 L 2q (Ω) . Using this global estimate, we can easily obtain a global bound on u θ L 2p and ω θ L 2q over a bounded domain with r ≤ R, which proves the global regularity of the 3D Navier-Stokes equations (see Remark 3) . This completes the proof of Theorem 1.
Remark 4. The global regularity of the Navier-Stokes equations with initial data (3) follows almost exactly as the proof of Theorem 1 except that the bounds for g 0 L 2 and f 0 L 2 are different. By using the same rescaling, we just need to consider the rescaled initial data of the form u θ (r, z, 0) = U 0 (ǫ δ r, z), ω θ (r, z, 0) = W 0 (ǫ δ r, z).
Due to the difference in the scaling, the bounds for g 0 L 2q and f 0 L 2q are now given by
Thus the condition (45) is satisfied if we choose q > 1 and ǫ small enough to satisfy
Condition (53) will guarantee that the global estimate (47) is valid for all time.
